A METHOD FOR DETERMINING THERMOPHYSICAL CHARACTERISTICS
BASED ON THE LAPLACE TRANSFORM
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A method for processing the results of measurements after application of the
Laplace transform is proposed for determining thermophysical characteristics by
the method of a source of constant power, with the heat capacity of the heater
taken into account.

At present a new apparatus for carrying out research has been developed, a systems-
structured analysis, which is used effectively for scientific research and solving technical
problems.

In [1], the systems-structured approach is applied to an analysis of thermal processes
and identification of thermophysical properties of materials and thermal effects. Solution
of the problem of heat exchange is given in the form of a block diagram. The elements of
the block diagram are the mathematical operators, setting the rules for transforming the
thermal and temperature effects influencing an object in the generated reaction. A solution
for the problem is sought in the Laplace image space. Thus the mathematical expressions are
transformed to expressions that are simpler than the inverse transforms in the time domain.

We consider an application of the systems-structural approach to the problem with a
source of constant power. The equation of heat conduction and the boundary conditions,
subjected to Laplace transformation with account of zero initial conditions, are of the form
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A solution of this equation, satisfying the boundary conditions, is of the form [1]
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For x = 0 we obtain an expression relating the Laplace integrals for the heat flow and for the
temperature of a heater

T (x, p) = q(p)

1

T(0, p)=q(p) ——— .
T(0, p)=q(p) 5 V5 Cop (3)
Substituting (3) into (2), we obtain
T p)=T0, p)esp (~ e VF)‘ ()

Institute of Applied Physics, Academy of Sciences of the Belorussian SSR, Minsk. Trans-
lated from Inzhenerno-Fizicheskii Zhurnal, Vol. 52, No. 2, pp. 287-293, February, 1987.
Original article submitted March 6, 1986. :

218 0022-0841/87/5202-0218$12.50 © 1937 Plenum Publishing Corporation



Ch XTog N g 57

' S I LA
(o / 7100) [l OV TC32) T RN 7D 3T
byi~Cha BBy va > ab | FB 1 7T g (X7
a

{ {Model of the object of :

investigation ____

Fa) ofleod _1_ 1 Tlap) | o Va\|Tlss) T _ :

AN w0tevs) a3 e |7 .

{Q\Cfn £, Q PTmax

L : b a FB3 | Gi» | FBZ
- h Y4 5 calc] 3 g

e ] . caic
Fig. 1 Fig. 2

Fig. 1. Block diagram of a solution to the one-dimensional heat-conduc-
tion problem with account of the heat capacity of a heater.

Fig. 2. Block diagram for determining the optimal value of the product
PTmax from the minimum of the relative errors in determining the coeffi-
cients of thermal diffusivity and thermal activity: FBl is the func-
tional block for determining the gradients of the temperatures T(0, t),
T(x, T); FB2 is the functional block that performs the Laplace transfor-
mation; and FB3 is the functional block for determining the value of the
thermophysical characteristics.

A block diagram of solutions (3) and (4) is given in Fig. la [1]. This block diagram can be
represented in an equivalent form, from which it is seen that only a part gj of the total
heat flow is spent on heating the sample, with another part, gy, raising the temperature of
the heater (Fig. 1b).

From Egqs. (3) and (4), one can obtain formulas for determining the coefficients of ther-
mal activity and thermal diffusivity:
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The heat-conduction coefficient is found from the expression A = b/a.

The formulas obtained for the coefficients of thermal activity and thermal diffusivity
are much simpler than those that would hold for solution of the given probem in the time
domain. The integrals of type (1), entering Egqs. (5) and (6), can be easily calculated from
the experimental data with the help of Simpson's formula
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where At = Tpax/N.

For calculating T(0, p) and T(x, p) the integral should be taken from zero to infinity,
as defined by Eq. (1). However, the function exp(—pt) T(x, t) rapidlyapproaches zero as
T increases. Therefore, a certain value Tpax exists for which the inequality

38 exp (— pv) T(x, T)dv— ?axexp (—pO)T(x DNdr<e (7
0

[*4
is satisfied where e is a small given number.

Realization of condition (7) depends on the value of the product ptyax; in [2,3] recom-
mendations are given on how to choose it. Thus in [2], it is recommended that ptp,y be
selected in the range of 6-30, but in [3] it is recommended that pTy,y be chosen from 8 to 13.
Selection of these values is insufficiently accurately justified.
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For selection of the optimal value of PTmax numerical calculations of the errors in
determining thermophysical characteristics were conducted, depending on ptp,y and the
combinations u = b/Tp,y/Ch and k = x/(2/atyay). The block diagram for determining the opti-
mal value of the product prtp,syx is shown in Fig. 2. By specifying the values of the thermo-
physical characteristics a and b, the heat capacity of the heater Cy» the coordinate x,
the maximum duration of the experiment Tp,x, the number of intervals of N into which the
time of the experiment is divided, and the density of heat flow q, we calculated the gradients
of the temperature T(0, t) and T(x, 1) for the moments of time t{ = Tpyx i/N. The density of
heat flow was selected so that the moment of time ty,;x of the temperature gradient in the zone
of the heater T(0, Tpay) would be equal to 10°. Such a value of the gradient is usually
selected when conducting an experiment in order that the change in thermophysical character-
istics of the sample due to heating be negligible, and the accuracy in the measurement of
temperature be high enough.

The error in the measurements of nonstationary gradients of temperature 8T was simulated
with the help of a generator of random numbers, distributed normally with the mean value equal
to zero. From the obtained values of the temperature gradients, the values of the Laplace
integrals were calculated with the help of Simpson's formula, and the thermophysical charac-
teristics were determined from Eqs.(5) and (6). The obtained values of the thermophysical
characteristics were compared with the values a and b, specified when calculating the tempera-
ture gradients in the course of solving the direct problem. Then the relative errors in deter-
mining the thermophysical characteristics were calculated.

At first we calculated the relative errors in determining thermophysical characteristics
due to the finite length of the interval of integration, without including experimental errors.
Their values have been found to depend unambiguously on ptp,x and the quantities u and k,
where the value of u has a negligible effect on the results of the calculation.

The relative errors in determining the coefficients of the thermal diffusivity and thermal
activity will be minimal if in the first case prp,y is chosen from the relationship Ptmax =
5k + 6 in the range of values of the quantity k from 0.4 to 1.0, and in the second case
PTmax is equal to 8. The value of u in the calculations was assumed to be 20. The minimal
values of these errors constitute not more than 0.2-0.47 and are due to the finite length of
the interval of integration and the error in calculating the Laplace integral from Simpson's
formula.

When the values ptp,y are less than optimal, the values of the relative errors in deter-
mining the thermophysical characteristics increase significantly because of the increase in
the contribution of the error due to the finite length of the interval of integration. When
the values of prty,y are higher than optimal, a negligible increase in the errors indicated is
observed since only the data for a comparatively short initial interval of time is used for
calculating the Laplace integral.

Of greater practical interest is the result obtained by taking account of the error in
measuring the temperature gradients, which was defined by changing the dispersion of the
generator of random numbers. The values of the relative error in determining thermophysical
characteristics was determined for each value of ptp,y and the quantity k for five different
combinations of random numbers of the generator. From the results of each of the five calcula-
tions, we determined the mean value of the relative error and the root-mean-square deviation.
The maximum possible value of the relative error was determined from the expression

8X/X = 18X/ X | -+ o5y x » (8)

where X is a thermophysical characteristic. The optimal value of pty,y was determined from
the minimum of expression (8).

The dependence of the optimal pTpyy and of the corresponding value of the relative error
in determining the coefficient of the thermal diffusivity on the value of the quantity k and
on the error in measurement of the temperature is given in Fig. 3. A similar dependence is
plotted for the relative error in determining the coefficient of thermal activity (Fig. 4),
but this error does not depend on k.

The errors considered are due to the finite length of the interval of integration in com-
putation of the Laplace integral and the error in measuring the temperature gradients. It was
assumed that the other values entering Egqs. (5) and (6) were measured without an error. Now
we analyze the sources of errors in determining thermophysical characteristics, not treated
earlier.
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Fig. 3. Dependence of the optimal value of the
product ptpyy and of the corresponding value of
relative error in determining the coefficient of
thermal diffusivity (8a/a)pin (%) on the quan-
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Fig. 4. Dependence of the optimal product pTyax
and of the corresponding value of the relative
error in determining the coefficient of thermal
activity (8b/b)pin (%) on the error in the
measurement of temperature 8T (K).
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The relative error in determining the coefficient of thermal diffusivity due to in-
accuracy of measurement of the values entering Eq. (6) is equal to

daja = V(8ajaz, r)* + (28x/x)? , (9)

where 8a/ay 1 is the relative error due to the finite length of the interval of integration
and the error in measuring the temperature gradients.

The value of X can be measured reasonably simply with an error not exceeding 1Z. If in
the experiment, the quantity k is not more than 0.4, and the error in measuring the tempera-
ture gradients is in the range from 0.05 to 0.10°K, then the relative error will be equal to
4-6%. By decreasing the error in measuring the temperature gradients down to 0.02°K and by
decreasing the quantity k (increasing the number Foy), the error in determining the coeffi-
cient of thermal diffusivity can be reduced to 37. An increase in the number Foy can be
achieved either by increasing the duration of the experiment, which requires the use of
samples with larger cross-section, or by reducing the size x. A decrease in the size x can
lead to an increase in the relative error in determining the thermal diffusivity coefficient
according to Eq. (9).
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We find the relative error in determining the coefficient of thermal activity due to
the inaccuracy in measuring the values entering Eq. (5). We can readily show that this error
is equal to the quadratic sum

8b ‘/ (1—e""max) 8¢ ]2 pT (0, p)6Cn ]2 ¢ 8b )2
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Calculations have shown that the two first terms of the sum (10) depend on the relative
errors in determining the heat flow 8q/q and on the heat capacity of the heater &Cy/Cp and
also the quantities u and prp,x.

If §Cp/Cp and 8b/by 1 are equal to zero, then
8b/b = A (lt, p‘cmax) 64/4
A similar dependence exists if 8q/q = 0 and &b/by r = 0:
8b/b = B (4, pTmax) 6Cy /Ch,
where A and B are coefficients depending on the value of the quantity u and ptpyy (Fig. 5).

Equation (10) can be rewritten in the form

8b/b = V' (48q/g)* + (BSCy, /Cpy * + (8b/0)3, 1- (11)

The value of the relative error in determining the heat capacity of a heater does not
have a strong influence on the relative error in determining the coefficient of thermal
activity. Thus, for example, for prpsx.= 7, u = 15, 6T = 0.1 K, 8q/q = 1% and 6Ch/Ch = 107,
the relative error in determining the coefficient of thermal activity is equal to 2.63%.
Calculation without the relative error in determining the heat capacity of a heater yields a
result equal to 1.97. Thus, a contribution to the total relative error froma 10% relative
error in determining the heat capacity of a heater constitutes only 0.7Z.

It is seen from Fig. 5 that other equal conditions being equal, the smaller value of
the contributions to the total relative error of relative errors in determining heat flow
and heat capacity of the heater corresponds to the bigger values of the quantity u and smaller
values of the product ptpzy. This leads to the fact that the optimal value prp,x is somewhat
less than the values shown in Fig. 3. The choice of the optimal value pTy,x Should be made
for the specific values u, 8T, 8q/q, 8Ch/Ch from the minimum of Eq. (1).

The conducted studies have shown that the method can be effectively used when determining
the thermophysical characteristics of the materials.

The depéndences obtained in the work can be used to choose the optimal value of the
product pTpyx under different experimental regimes.

NOTATION

X, instantaneous coordinate; t, time; T(x, t), excess temperature with respect to the
initial one; a, thermal diffusivity coefficient; b, thermal activity coefficient; Cp, heater
heat capacity; q, specific heat flux; p, Laplace transformation parameter; §X/X, relative
error in determining thermophysical characteristics; 8T, absolute error in the excess tempera-
ture measurement; 0(gx/x), root-mean-square deviation of the relative error in determining the
thermophysical characteristic; t, Student coefficient; Foy, Fourier number; u and k, dimension-
less quantities; N, number of sampling intervals in the time of the experiment in calculating
the Laplace integral from Simpson's formula.
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